We continue our studies of infrared (ir) and ultraviolet (uv) regulators of no-core shell model calculations. We extend our results that an extrapolation in the ir cutoff with the uv cutoff above the intrinsic uv scale of the interaction is quite successful, not only for the eigenstates of the Hamiltonian but also for expectation values of operators considered long range. The latter results are obtained with Hamiltonians transformed by the similarity renormalization group (SRG) evolution. On the other hand, a suggested extrapolation in the uv cutoff when the ir cutoff is below the intrinsic ir scale is neither robust nor reliable.
I. INTRODUCTION
Variational calculations based upon a harmonic oscillator (HO) basis expansion have a long history in nuclear structure physics. The traditional shell-model calculation involves wave functions which are linear combinations of Slater determinants. Each Slater determinant corresponds to a configuration of A fermions distributed over A single-particle states. If we take any complete set of orthonormal single-particle wave functions and consider all possible A-particle Slater determinants that can be formed from them, then these wave functions form a complete orthonormal set of wave functions spanning the A-particle Hilbert space. Eigenfunctions of the three-dimensional harmonic oscillator (HO) are a popular choice. If one views a shell-model calculation as a variational calculation, expanding the configuration space merely serves to improve the trial wave function [1] . A parallel program uses the HO eigenfunctions as a basis of a finite linear expansion to make a straightforward variational calculation of the properties of light nuclei [2] . The trial functions take the form of a finite linear expansion in a set of known functions
where a (N ) ν are the parameters to be varied and h ν are many-body states based on a summation over products of HO functions. The expansion coefficients depend on the upper limit (such as an N defined in terms of total oscillator quanta) and are obtained by minimizing the expectation value of the Hamiltonian in this basis. Treating the coefficients a (N ) ν as variational parameters in the Rayleigh quotient, one performs the variation by diagonalizing the many-body Hamiltonian in this basis. This is an eigenvalue problem so the minimum with respect to the vector of expansion coefficients always exists and one obtains a bound on the lowest eigenvalue (and indeed on the higher eigenvalues representing the excited states [3] ). The basis functions can also depend upon a parameter (such as the harmonic oscillator energy ω which sets a scale) that then becomes a non-linear variational parameter additional to the linear expansion coefficients.
Theorems based upon functional analysis established the asymptotic convergence rate of these calculations as a function of the counting number (N ) which characterizes the size of the expansion basis (or model space) [4, 5] . In addition, a recent discussion of the configurationinteraction method in a HO basis analyzes convergence for many-electron systems trapped in a harmonic oscillator (a typical model for a quantum dot) [6] . The convergence rates of the functional analysis theorems (inverse power laws in N for "non smooth" potentials such as Yukawas with strong short range correlations and exponential in N for "smooth" potentials such as gaussians) were demonstrated numerically in Ref. [4] for the HO expansion and in Ref. [7] for the analogous expansion in hyperspherical harmonics. These convergence theorems underlie extrapolations to the "infinite" basis in few-nucleon studies [8] and in "ab initio" "no-core shell model" (NCSM) calculations of s-and p-shell nuclei reviewed in Ref. [9] .
However, the HO expansion basis has an intrinsic scale parameter ω which does not naturally fit into an extrapolation scheme based upon N as discussed in Refs. [4] [5] [6] . Indeed the model spaces of these NCSM approaches are characterized by the pair (N , ω). Here the basis truncation parameter N and the HO energy parameter ω are variational parameters [9] [10] [11] , provided the two-body interaction is "soft" enough. With the HO basis in the nuclear structure problem, convergence has been discussed, in practice, with an emphasis on obtaining those parameters which appear linearly in the trial function (i.e. convergence with N ). In an early example, ω is simply fixed at a value which gives the fastest convergence in N [8] . Later, for each N the non-linear parameter ω is varied to obtain the minimal energy [10, 12] for a fixed N and then the convergence with N is examined at that fixed value of ω. Other extrapolation schemes have been proposed and used [11, 13] . Figure 1 demonstrates the unsatisfactory aspect of the traditional extrapolation scheme which relies primarily on convergence with N at a fixed value of ω. In this example, N = N max , the maximum of the total HO quanta shared by all nucleons above the lowest HO configuration of the nucleus 6 Li. From the figure, it is clear that the calculation has not yet converged (in N ) at the largest N available. The extrapolation scheme of Refs. [4] [5] [6] has been shown appropriate [10] for the Idaho N 3 LO N N interaction [14] . The extrapolation is performed by a fit of an exponential plus a constant to each set of results at fixed ω. That is, we fit the ground state energy with three adjustable parameters using the relation E gs (N max ) = a exp(−bN max ) + E gs (N max = ∞).
The extrapolation is done twice, for N max = 10 − 16 and N max = 8 − 14, the average is denoted by the × and half the difference is considered the uncertainty denoted by error bars. Notice that the fixed N max curves do not appear to depend strongly upon the HO energy ω for the largest N max and the minimum of this curve is often chosen as that point at which one makes the extrapolation in N max [10, 12] . However, as shown in Figure 1 , the extrapolated ground state energy does depend rather strongly upon ω, everywhere in the range displayed. This strong dependence is true for the values ω = 32 − 34 MeV at the minimum of the lowest fixed N max curve, values which would be the traditional choice for the extrapolated result. In reality, since both the basis truncation N and ω are variational parameters and the dependence upon ω remains in the extrapolated values of Figure 1 , convergence has not been reached in both variational parameters. One can only conclude that the ground state energy cannot be determined from the traditional extrapolation in this case.
It is the purpose of this study to continue an investigation of the extrapolation tools introduced in Ref. [15] which use N and ω on an equal footing. These tools are based upon the pair of ultraviolet (uv) and infrared (ir) cutoffs (each a function of both N and ω) of the model space. The concept of uv and ir regulators were first introduced to the NCSM by Ref. [16] in the context of an effective field theory (EFT) approach. Let us briefly mention the salient aspects of EFT. In a field theory one never has access to the full Hilbert space. Experiments only probe a region of momenta. Nature is quantum mechanical. So to develop a theory for such a region we must pose a model space. For smallest errors the model space should be as big, if possible, as the region one is interested in. The parameter of the projection operator P into the model space must have a dimension. Call the parameter Λ, the ultraviolet cutoff and take it to be a momentum. The model space can be arbitrary but observables calculated within it cannot. The Hamiltonian operator of the model space must depend on Λ in such a way that observables at momenta Q Λ are independent of how P is chosen, and in particular, independent of Λ. In the NCSM case, the truncation of the basis results in a second parameter λ, an infrared cutoff in addition to Λ, so that observables at momenta Q λ should be independent of λ. That is, the values of Λ and λ control the size of the model space and the projection operators P(Λ) and P(λ) define the boundaries of the model space. In the EFT approach to the NCSM, a Hamiltonian is always constructed within this truncated model space according to the symmetries of the underlying theory, making use of power counting to limit the number of interactions included in the calculations. Hence, physical terms not explicitly included in the calculation are treated on the same footing with the truncation to a finite model space. For a recent review of this program see Ref. [17] .
In contrast, the program started by us in Ref. [15] and continued in this paper uses EFT concepts to motivate and guide an extrapolation to the infinite basis limit of those NCSM calculations which utilize realistic nuclear interactions fit to data, not in a clearly defined model space, but in free space. A parallel program [18] [19] [20] has the same goal. The latter program "built upon the insights of Ref. [15] " to study extensively the ir extrapolations derived in those papers for the two-body bound state. A uv extrapolation formula was not derived but obtained empirically. These extrapolation techniques, with an ir regulator parameter interpreted in terms of a single-particle separation energy, were applied in Ref. [18] to the A > 2 nuclei 16 O and 6 He and in Ref [19] to 3 H.
Other workers applied the extrapolations advocated in Refs. [18, 19] to 6 He [21] and to other p-shell nuclei [22] . We compare later in this paper this interpretation of the ir regulator with our results for some A > 2 nuclei.
The early ab initio calculations, both of the "no-core" shell model in which all nucleons are active [1] and of the Moshinsky program [2] attempted to overcome the challenges posed by "non-smooth" two-body potentials by including Jastrow type two-body correlations in the trial wave function. Nowadays, the N N potentials are tamed by either i) unitary transformations within the model space [23] or ii) in free space by the similarity renormalization group (SRG) evolution [24] [25] [26] [27] or the V low k truncation [28] . In all three cases, this procedure generates effective many-body interactions in the new Hamiltonian. Neglecting these in i) destroys the variational aspect of the calculation (and changes the physics contained in the calculation, of course). Neglecting these in ii) destroys the unitary nature of the transformation (and changes the physics contained in the calculation, of course). We retain the variational nature of our NCSM investigation by choosing a realistic smooth nucleon-nucleon (N N ) interaction Idaho N 3 LO [14] which has been used previously without renormalization within the model space for light nuclei (A ≤ 6) [10] . Indeed, this potential is considered "soft" because one can perform convergent NCSM calculations with it unmodified or 'bare' [9] . This potential is inspired by chiral perturbation theory and fits the two body data quite well. It is composed of contact terms and irreducible pion-exchange expressions multiplied by a regulator function designed to smoothly cut off high-momentum components in accordance with the lowmomentum expansion idea of chiral perturbation theory. The version we use has the high-momentum cutoff of the regulator set at 500 MeV/c. The Idaho N 3 LO potential is a rather soft one, with high-momentum components that are heavily reduced by the regulator ("super-Gaussian falloff in momentum space") as compared to earlier realistic N N potentials which had a strongly repulsive core. Alternatively, in coordinate space, the contact interaction and the Yukawa singularity at the origin are regulated away so that this potential would be considered "smooth" by Delves and Schneider and the convergence in N would be expected to be exponential [4, 5] . Even without the construction of an effective interaction, convergence with the Idaho N 3 LO N N potential is exponential in N at fixed ω, as numerous studies have shown [10, 26] . We also illustrate concepts with a second N N interaction; JISP16 [29] , a nonlocal separable potential whose form factors are HO wave functions. By construction, it is also a "smooth" potential and it does have an exponential convergence in N at fixed ω as demonstrated in many variational studies [11, 30, 31] The paper is organized as follows. In section II we briefly describe expansion schemes in HO functions. With our choice of N N interactions, this expansion technique still retains the variational character described above. In section III we review the uv and ir cutoffs introduced in Ref. [16] in the context of an EFT framework and discussed in the context of NCSM extrapolations in Ref. [15] . We show the running of ground state energies with the cutoffs and relate the cutoffs to scales intrinsic to the N N interaction in Section IV. Examples of convergence and extrapolation with these regulator functions are displayed in Section V. Section VI contains a short summary.
II. EXPANSION IN A FINITE BASIS OF HARMONIC OSCILLATOR FUNCTIONS
A HO basis allows preservation of translational invariance of the nuclear self-bound system. Translational invariance is automatic if the radial HO wave function depends on relative, or Jacobi, coordinates as was done in Refs. [8, 12, 32] . Antisymmetrization of the basis is necessary and described in Refs. [9] and [32] . Antisymmetrization in a Jacobi basis becomes analytically and computationally forbidding as the number of nucleons increases beyond four or five. For this reason these calculations are alternatively made with antisymmetrized wave functions constructed as Slater determinants of singlenucleon wave functions depending on single-nucleon coordinates. This choice loses translational invariance since, in effect, one has defined a point in space from which all single-particle coordinates are defined. Translational invariance can be restored with the particular truncation of the basis already mentioned in the Introduction. This truncation is at the level of total energy quanta ("total-energy-cut space"), which is different from the configuration-interaction calculations used in atomic and molecular problems, which are often truncated at the single-particle level ("single-particle-cut space"). This choice of truncation ensures that all states are included up to a given energy, so eigenfunctions can be factorized into intrinsic and center-of-mass (c.m.) components for ease of eliminating spurious c.m. motion effects on all expectation values. The factorization is accomplished with the aid of a Lagrange multiplier term added to the Hamiltonian. We refer the reader to a comprehensive review article [9] on the no-core shell model (NCSM) for details of Jacobi coordinate and Slater determinate HO bases and to a later review [33] for more explication and references to the recent literature. We used for our calculations technology developed and/or adapted for NCSM, such as the shell model code ANTOINE [34] , the manyeff code from Ref. [32] , and the No-Core Shell Model Slater Determinant Code [35] and we quote calculations for the JISP16 potential which were made with the parallel-processor code "Many-Fermion Dynamicsnuclear" (MFDn) [36] .
III. ULTRAVIOLET AND INFRARED CUTOFFS INHERENT TO THE FINITE HO BASIS
Inspired by EFT, one uses a truncation parameter N which refers, not to the many-body system, but to the properties of the HO single-particle states. The manybody truncation parameter N max is the maximum number of oscillator quanta shared by all nucleons above the lowest HO configuration for the chosen nucleus. One unit of oscillator quanta is one unit of the quantity (2n + l) where n is the principle quantum number and l is the orbital angular quantum number. If the highest HO singleparticle state of this lowest HO configuration has N 0 HO quanta, then N max + N 0 = N identifies the highest HO single-particle states that can be occupied within this many-body basis. Since N max is the maximum of the total HO quanta above the minimal HO configuration, we can have at most one nucleon in such a highest HO single-particle state with N quanta. Note that N max characterizes the many-body basis space, whereas N is a label of the corresponding single particle space. Let us illustrate this distinction with two examples. 6 He is an open shell nucleus with N 0 = 1 since the valence neutron occupies the 0p shell in the lowest many-body configuration. Thus if N max = 4 the single particle truncation N is 5. On the other hand, the highest occupied orbital of the closed shell nucleus 4 He has N 0 = 0 so that N = N max .
We begin the transition to uv and ir regulators by thinking of the finite single-particle basis space defined by N and ω as a model space characterized by two momenta associated with the basis functions themselves. We follow Ref. [16] and define Λ = m N (N + 3/2) ω as the momentum (in units of MeV/c) associated with the energy of the highest HO level. The nucleon mass is taken to be the average mass m N = 938.92 MeV. To arrive at this definition one applies the virial theorem to this highest HO level to establish kinetic energy as one half the total energy (i.e., (N + 3/2) ω ) and solves the non-relativistic dispersion relation for Λ. Thus, the usual definition of an ultraviolet cutoff Λ in the continuum has been extended to discrete HO states. It is then quite natural to interpret the behavior of the variational energy of the system with addition of more basis states as the behavior of this observable with the running of the ultraviolet cutoff Λ. Because the energy levels of a particle in a HO potential are quantized in units of ω, the momentum difference between single-particle orbitals is λ = √ m N ω and that has been taken to be an infrared cutoff [16] . That is, the postulated low-momentum cutoff λ = /b where b = m N ω plays the role of a characteristic length of the HO potential and basis functions. Note however that, unlike the trapped particles of Ref. [16] there is no external confining HO potential in place. Instead the only ω dependence is due to the scale parameter of the underlying HO basis. In Ref. [16] the influence of the infrared cutoff is removed by extrapolating to the continuum limit, where ω → 0 with N → ∞ so that Λ is fixed. Clearly, one cannot achieve both the ultraviolet limit and the infrared limit by taking ω to zero in a fixed-N model space as this procedure takes the ultraviolet cutoff to zero.
Other studies define the ir cutoff as the infrared momentum which corresponds to the maximal radial extent needed to encompass the many-body system we are attempting to describe by the finite basis space (or model space). These studies find it natural to define the ir cutoff by λ sc = (m N ω)/(N + 3/2) [26, 37] . Note that λ sc is the inverse of the root-mean-square (rms) radius of the highest single-particle state in the basis; r 2 1/2 = b N + 3/2. We distinguish the two definitions by denoting the (historically) first definition by λ and the second definition by λ sc because of its scaling properties demonstrated in the next Section.
The calculated energies of a many-body system in the truncated model space will differ from those calculated as the basis size increases without limit (N → ∞). This is because the system is in effect confined within a finite (coordinate space) volume characterized by the finite value of b intrinsic to the HO basis. The "walls" of the volume confining the interacting system spread apart and the volume increases to the infinite limit as λ → 0 and b → ∞ with Λ held fixed. Thus it is as necessary to understand the low momentum cutoff and to extrapolate the low momentum results obtained with a truncated basis with a given b or ω as it is to ensure that the ultraviolet cutoff is high enough for a converged result. These energy level shifts in a large enclosure have long been studied since the first expositions [38] . In condensed matter physics the relation between phase shifts and energy level shifts is known as Fumi's theorem [39] and has found a recent application in lattice quantum chromodynamics (LQCD) calculations of nuclear matter with hyperon components [40] . LQCD calculations are necessarily performed in a finite Euclidean spacetime. As a result, it is necessary to construct a formalism that maps the finite-volume observables determined via LQCD to the infinite-volume quantities of interest. This formalism started with the work of Lüscher [41] and is currently being extended extensively [42] . Recently an explicit EFT calculation of a triton in a cubic box allowed the edge lengths to become large so that the associated ir cutoff due to momentum quantization in the box approaches zero [43] . There it was shown that as long as the infrared cutoff was small compared to the ultraviolet momentum cutoff appearing in the "pionless" EFT, the ultraviolet behavior of the triton amplitudes was unaffected by the finite volume. More importantly, from our point of view of desiring extrapolation guidance, this result means that calculations in a finite volume can confidently be applied to the infinite volume (or complete model space) limit. Similar conclusions can be drawn from the ongoing studies of systems of two and three nucleons trapped in a HO potential. The model space interactions are from pionless EFT and the infrared cutoff (λ = √ m N ω) is taken to zero to remove the trapping potential [44] ; see the review in Ref. [17] . 
IV. RUNNING OF VARIATIONAL ENERGIES WITH CUTOFFS AND ESTABLISHMENT OF INTRINSIC REGULATOR SCALES
We display in the next three figures the running of the ground-state eigenvalue of the nucleus, 2 H, on the truncated HO basis by holding one cutoff of (Λ, λ ir ) fixed and letting the other vary. In Figure 2 and the following figures, |∆E/E| is defined as |(E(Λ, λ ir )−E)/E| where E reflects a consensus ground-state energy from benchmark calculations with this N N potential, this nucleus, and different few-body methods. These benchmark results for the Idaho N 3 LO interaction are summarized in, for example, Tables 1 and 2 of Ref [9] and in Table 2 of Ref [33] .
In Figure 2 we hold fixed the uv cutoff of (Λ, λ ir ) to display the running of |∆E/E| upon the suggested ir cutoff λ sc . For fixed λ sc , a larger Λ implies a smaller |∆E/E| since more of the uv region is included in the calculation. But we immediately see a qualitative change in the curves between the transition Λ = 700 MeV and Λ = 900 MeV; for smaller Λ, |∆E/E| does not go to zero as the ir cutoff is lowered and more of the infrared region is included in the calculation. This behavior suggests that |∆E/E| does not go to zero unless Λ ≥ Λ N N , where Λ N N is some uv regulator scale of the N N interaction itself. From this figure one estimates Λ N N ∼ 900 MeV/c for the Idaho N 3 LO interaction. For Λ < Λ N N there will be missing contributions so "plateaus" develop as λ ir → 0, revealing this missing contribution to |∆E/E|. The "plateaus" that we do see are not flat as λ ir → 0 and, indeed, rise significantly with decreasing Λ < Λ N N . This suggests that corrections are needed to Λ and λ ir , perhaps in the form of higher order terms in λ ir /Λ; a subject for further study.
It is clear that this N N interaction does have a high momentum cutoff which in the literature is set at Λ N 3LO = 500 MeV/c [14] . This does not mean that the interaction has a sharp cutoff at exactly 500 MeV/c, since the terms in the Idaho N 3 LO interaction are actually regulated by an exponentially suppressed term of the form
In this expression, p and p denote the magnitude of the initial and final nucleon momenta of this non-local potential in the center-of-mass frame and n ≥ 2. Because the cutoff is not sharp, it should not be surprising that one has not exhausted the uv physics of this interaction for values of the uv regulator of the single-particle basis of the model space somewhat greater than 500 MeV/c. Note that this form of the N N regulator allows momentum transfers ( p − p ) to achieve values in the range up to 2Λ N 3LO . We cannot rule out from our calculation the possibility of a plateau appearing at the level of less than 1 × 10 −6 for Λ ≥ 900 MeV/c as λ sc → 0. This is is partially due to the fact that the leftmost calculated point of Figure 2 moves to the right (and to higher values of λ sc ) as fixed Λ increases above 900 MeV/c. In addition, at fractional differences of 1 × 10 −6 or less, the development of possible plateaus could be masked by round-off errors in the subtraction of two nearby numbers, each of which may have its own error. Nevertheless, the fact that this interaction has an intrinsic single-particle regulator Λ N 3LO in momentum space suggests strongly that no "missing contribution" plateaus could appear in the lower left hand sector of Figure 2 . We suggest that the common intrinsic regulator scale Λ N N in the HO model space so evident in few-body studies (see Figures 5 and 6 of Ref. [15] which display the same Λ N N for A=2-4) is a true reflection in the HO basis of the momentum space uv cutoff Λ N 3LO put in by hand by the potential builders.
Around Λ ∼ 700 MeV/c and above the plot of |∆E/E| versus λ sc in Figure 2 begins to suggest a universal pattern, especially at large λ sc . For Λ ∼ 900 MeV/c and above the pattern defines a universal curve for all values of λ sc . This is the region where Λ ≥ Λ N N indicating that nearly all of the ultraviolet physics set by the potential has been captured. The universal curve can be fit by the equation |∆E/E| = a exp(−b/λ sc ) which suggests immediately that λ sc could be used for extrapolation to the ir limit (λ sc → 0), provided that Λ is kept large enough to capture the uv region of the calculation, i.e. Λ ≥ Λ N N . Figure 2 is also the motivation for our appellation λ sc , which we read as "lambda scaling", since this figure exhibits the attractive scaling properties of this regulator.
The first suggested ir cutoff λ = √ m N ω, corresponding to the non-zero energy spacing between HO levels, gives not a universal curve for Λ ≥ Λ N N but instead a set of curves fit by |∆E/E| = a exp(−B(Λ)/λ) (see Figure 3) . That is, the value of B is constant for a given Λ but that constant is not independent of the value of the uv cutoff Λ, as it should be in an EFT framework. One can remove the dependence of B upon Λ to a large extent by noting that λ = √ Λλ sc so that exp(−B/λ) becomes
. This multiplier of 1/ √ λ sc is constant to within a few per cent. This trivial manipulation demonstrates that the ir regulator which is independent of the uv cutoff is a function of λ sc and not λ. The point is not that the ir cutoff λ cannot be used to remove ir effects by extrapolating it to zero. Indeed, any momentum cutoff λ sc ≤ λ ir ≤ Λ will remove ir artifacts, but the ir regulator which is independent of the uv cutoff is some function of λ sc . It is λ sc which causes the ir effects and one does not need to decrease an ir cutoff below that of λ sc to remove ir effects.
By "remove ir artifacts", we mean that any given NCSM matrix diagonalization is performed in a model space defined by (N, ω) or, in an EFT type characterization, by (Λ, λ ir ). As N is limited to a finite value, this model space contains unwanted uv and ir effects ("artifacts"). As the physics should not depend upon the choice of the model space, these artifacts are removed from a sequence of results by taking λ ir to zero, after assuring oneself that the uv artifacts are minimized by choosing Λ ≥ Λ N N . (This language is a contemporary restatement of the old concepts of the asymptotic convergence rate and extrapolation of a sequence of calculations as N increases and the linear expansion of the trial wave function encompasses more and more terms.) We have shown earlier that extrapolations with the cutoff λ work equally well to remove ir artifacts as does an extrapolation with λ sc (see Figures 10 and 11 Figure  2 demonstrates that the ir cutoff λ sc is independent of the uv cutoff Λ ≥ Λ N N and, henceforth, we will take the infrared cutoff to be λ sc itself.
Incidentally, the traditional choice of ω at the bottom of the curves of Figure 1 is attractive for an extrapolation in N at fixed ω but it becomes less attractive when one considers the uv and ir aspects of the extrapolation. At fixed N one does remove the infrared artifacts by lowering the infrared cutoff (λ ir ∝ √ ω) but actually increases the uv artifacts because lowering ω also lowers the ultraviolet cutoff (Λ ∝ √ ω). The loss of uv physics due to the lower ω overwhelms the gain of ir physics and the estimate of the ground state becomes very bad. A similar situation holds as ω increases: the uv cutoff increases toward ∞ so that more uv physics is captured but the ir cutoff also rises and more and more of the infrared artifacts appear. At the minimum of the N = N max + 1 = 17 curve the variational parameters are nowhere near their limits in the (Λ, λ ir ) regulator picture and the variational energy is not very good. Because N ∝ Λ/λ sc , increasing the truncation parameter N simultaneously increases the uv cutoff and decreases the ir cutoff so that the curves move lower and lower. Nevertheless, attempting an extrapolation in N at fixed ω chosen at the minimum is less reliable than the extrapolation techniques examined in this paper because the extrapolated value depends upon ω as seen in Figure 1 .
In Figure 4 we hold fixed the ir cutoff of (Λ, λ ir ≡ λ sc ) to display the running of |∆E/E| upon the cutoff Λ. Again a universal pattern at low Λ and plateaus at higher Λ are evident. For fixed λ sc , |∆E/E| does not go to zero with increasing Λ, and indeed even appears to rise for fixed λ sc ≥ 12 MeV/c and Λ ≥ 800 MeV/c. Such a plateau-like behavior was attributed in Figure 2 to a uv regulator scale characteristic of the N N interaction. (Another possibility for these plateaus is that they are due to numerical inaccuracies in the HO two-body matrix elements because of the high values of ω required for large Λ. In fact, the values of ω needed in Figure  4 are in the range (22-52 MeV) for the topmost curve labeled λ sc = 25 MeV/c and are lower for the remainder of the curves. This is the range that NCSM calculations use regularly.) Another "missing contributions" argument leads to a universal behavior at low Λ only if λ sc ≤ λ Can one make an estimate of the uv and ir regulator scales of the N N interactions used in these nuclear structure calculations? It is easy with the JISP16 potential [29] . The s-wave parts of JISP16 potential are fit to data in a HO space of N = 8 and ω = 40 MeV. Nucleon-nucleon interactions are defined in the relative coordinates of the two-body system so one should calculate Λ N N = m(N + 3/2) ω with the reduced mass m rather than the nucleon mass m N appropriate for the single-particle states of the model space. Taking this factor into account, one finds Λ JISP 16 ∼ 600 MeV/c and λ JISP sc ∼ 63 MeVc. In practice, the uv region seems already captured at Λ > 500 − 550 MeV/c [15] . The Idaho N 3 LO interaction was fit to data with a highmomentum cutoff of the "super-Gaussian" regulator set at Λ N 3LO = 500 MeV/c [14] . What is the uv regulator scale of the Idaho N 3 LO interaction appropriate to the discrete HO basis of this study? A published emulation of this interaction in a harmonic oscillator basis uses ω = 30 MeV and N max ≈ 2n = 40 [46] . A more systematic study of emulations gave a few more sets of (N, ω) which describe the 3 He ground state energy equally well [46] . These successful emulations of the Idaho N 3 LO interaction in a HO basis suggests that Λ N 3LO ∼ 900-1100 MeV/c and λ The intrinsic uv regulator scales of the Idaho N 3 LO and JISP16 N N differ by as much as 500 MeV/c and the intrinsic uv regulator scale of the Argonne potential AV18 [47] is so high that we saw no sign of a universal curve for the AV18 deuteron, analogous to that of Figure 2 , for values of Λ up to 1600 MeV/c. On the other hand, the (less well established) intrinsic ir regulator scales of these two potentials are rather closer to each other and the analogous figure (not shown) for the AV18 deuteron does have some similarities to the Idaho N 3 LO deuteron of Figure 4 . This is not surprising and can be related to the fact that experiments only probe a region of momenta. The effective uv character of a potential is determined by how one constructs the potential; that is, it depends on the energy range that it was fit to and what physics assumptions went into its derivation. The potential makers have no knowledge of the high energy behavior that the potential attempts to describe as they attempt to impose a regulator to suppress the unknown high-momentum behavior. On the other hand, all N N potentials are expected to describe equally well the measured low energy behavior, be it zero-energy scattering lengths or the energy of the two-body bound state. So the ir regulator scales of different N N potentials would be expected to be similar.
How similar should the ir regulator scales be? The basic idea is that the ir regulator scale λ N N sc should be approximately potential independent and somewhere around 30 MeV/c which is the average of the 3 S 1 and the 1 S 0 scattering lengths. It is difficult to pin it down further because each potential chooses to fit slightly different zero-energy observables and even the most important observables in the T=1 channel differ by effective range effects because the deuteron is not at zero energy. That is, the binding momentum of the deuteron is 46 MeV/c and the inverse of the concomitant scattering length is also 46 MeV/c if the effective range expansion is truncated at the level of the scattering length. The difference between 46 MeV/c and the 36 MeV/c from a fit at threshold is an effective range effect which is of natural size (the inverse of the pion scale). The point is that no matter what you fit, your potential needs to incorporate a small momentum scale, but you cannot pinpoint it exactly because it depends of how far you go incorporating effects of natural size. This type of uncertainly is not unique to potential building but has long been known in EFT treatments: the convergence of low-energy deuteron observables is markedly improved if one fits fit the EFT low energy constants to the deuteron binding energy and asymptotic S-state normalization rather than to the 3 S 1 scattering length and effective range [48] . But, as already mentioned, these two fit choices are equivalent up to the higher-order effective terms and can be taken into account in uncertainty quantization of the EFT type [49] .
V. EXTRAPOLATIONS A. Regulator scales and convergence
The extrapolation scheme proposed in [15] gives N and ω equal roles by employing uv and ir cutoffs which which should be taken to infinity and to zero, respectively to achieve a converged result (see Figure 5 ). From figure 2 we conclude uv cutoff Λ = m N (N + 3/2) ω should be greater than the intrinsic Λ N N of the N N interaction. Figure 4 suggests that the ir cutoff λ sc = (m N ω)/(N + 3/2) should be less than the intrinsic λ N N sc of the chosen N N interaction. These intrinsic uv and ir scales of the N N interaction are indicated schematically on Figure 5 . Figure 5 allows one to visualize the extrapolations performed in Ref. [15] . There one learned that it was not necessary to take the uv cutoff to infinity. Instead the uv physics on the top of the oval could be captured by binning all values of the uv cutoff Λ > Λ N N .With that stipulation, a single extrapolation in the ir cutoff λ sc toward the bottom of the shaded oval caught the ir physics and achieved an extrapolated result which agreed with independent calculations. The converse extrapolation in the uv cutoff toward the top of the shaded oval with the ir physics expected to be captured by binning or fixing values of λ sc < λ N N sc was not attempted in [15] but will be addressed later in this paper. Noting that N = Λ/λ sc − 3/2 and ω = (Λλ sc )/m N , one can establish the minimum values of N and ω needed for a converged result (see Table I ). The intrinsic λ Table 1 . It is a computational challenge to increase N which gets harder the more particles there are in the nucleus. From Table 1 one concludes that one must extrapolate for all but the lightest nuclei and the softest of interactions. This fact is related to the popularity of unitary transformations which do soften original N N interactions [24] [25] [26] [27] [28] .
B. Infrared extrapolations of expectation values of long-range operators
We now utilize the scaling behavior of the ground state energy displayed on Figure 2 to extend the extrapolation procedure of Ref. [15] to expectation values of operators needed to calculate other properties of nuclei. Such operators include the root mean square (rms) point radii related, in a model-dependent way, to the measured size of nuclei and the long-range dipole operator D which governs the electric dipole polarizabilities and total photoabsorption cross section of light nuclei. Point nucleon radii of nuclei are calculated with the operator r 2 and do not take into account the electromagnetic size of the constituents. However, unlike the Hamiltonian, r 2 is not a bounded operator and therefore has no convergence theorems with N [4, 52] . The running of the expectation value of r 2 with ω at fixed N has been contrasted with the running with N at fixed ω, with hard to interpret convergence results for A ≥ 6 nuclei [30, 31] . Early NCSM studies involving the (also unbounded) dipole operator D utilized the phenomenological potentials inspired by chiral perturbation theory and the traditional extrapolation which lets N → ∞ at a chosen fixed ω [50, 51] . A convergence analysis of the traditional extrapolation, for electric dipole polarizabilities of 3 H, 3 He and 4 He showed faster convergence for a fixed ω lower than that used for the binding energy itself [53] . Here we apply, to these long-range operators, the infrared-ultraviolet extrapolation procedure of Ref. [15] which employs N and ω on an equal footing.
In Figures 6, 7 and 8, we plot the ground state energy eigenvalue, the rms point radius, and the total dipole strength of 4 He obtained by a NCSM calculation [54] , done in a translationally invariant basis which depends only on Jacobi coordinates [32] . The N N interaction is the Idaho N 3 LO [14] softened by the similarity renormalization group (SRG) evolution according to the method described in Ref. [26] . Transforming the Hamiltonian induces higher order many-body forces which should be kept to preserve the unitary nature of the transformation. If they are not kept, results become dependent on the SRG flow parameter which is commonly taken as a momentum parameter that starts at infinity and approaches zero as the low and high momentum sectors of the interaction partially decouple.
It is of interest to learn if the scaling behavior apparent of ground state energies in Figure 2 and the many examples in Ref. [15] is also true for the induced many-body forces and the three-body forces added to the Hamiltonian (see Refs. [26, 54] for a full description of the SRG scheme and nomenclature). The initial added N N N force was also inspired by chiral perturbation theory and takes a N 2 LO form [55] with the two-pion-exchange terms taken from pion-nucleon scattering data and the strengths of shorter range terms fitted to properties of A=3 nuclei [56] . For this exercise, we utilized calculations [54] with ω = 22 and 28 MeV and N ≤ 18. The SRG momentum parameter λ SRG was 1.8 fm −1 and our own study of their results suggest that the intrinsic uv cutoff of this SRG transformed N N interaction is Λ N N ≤ 440 MeV; we therefore group together all Λ ≥ Λ N N to guarantee capture of the uv physics and extrapolate in λ sc . According to Table 1 , the calculations should be fully converged with this model space as ω > 20 MeV and N > 12. The calculations used the bare r 2 and dipole operators, rather than operators transformed using the same unitary transformation as the Hamiltonian. A later study does employ evolved (scalar) operators which do display the unitary nature of the SRG evolution [57] , but we are addressing convergence issues here so this advancement in ab initio technology should not alter our conclusions.
The extrapolation is performed by a fit of an exponential plus a constant to each set of results at all Λ ≥ Λ N N . That is, we fit the ground state energy with three adjustable parameters using the relation
The rms point radius and the total dipole strength are obtained by similar fits: r(λ sc ) = a exp(−b/λ sc )+r(λ sc = 0) and D 2 (λ sc ) = a exp(−b/λ sc ) + D 2 (λ sc = 0). The extrapolation formulae work equally well for the induced three-body forces and the added three-body forces. The running of the rms point radius and the total dipole strength with λ sc is about the same, because of the long known approximate relationship between them [58] which is satisfied very well for 4 He. It should be noted that our extrapolations in these figures employ an exponential function whose argument 1/λ sc = (N + 3/2)/(m N ω) is proportional to N/( ω). This procedure of extrapolating λ sc downward from the values allowed by computational limitations treats both N and ω on an equal basis. The exponential extrapolation in N/( ω) is therefore distinct from the traditional extrapolation which employes an exponential in N max (= N for this s-shell case) [9-13, 26, 30, 31, 33] . The convergence of all three operators is the same with the λ sc extrapolation, in contrast to the traditional extrapolation for the same data (N → ∞ at Figure 6 . Here D is the unretarded dipole operator defined in Ref. [54] .
fixed ω) which found slower and slower convergence for the ground state energy eigenvalue, the rms point radius, and the total dipole strength [54] . As the model space is large and the intrinsic uv cutoff is small, the extrapolated results obtained here agree with those of the traditional extrapolation used in Ref. [54] . [29] . The curves are exponential fits to the calculated points.
For Figure 9 , we return to calculations with the original Idaho N 3 LO N N interaction and display a generalization of Figure 2 which includes more massive nuclei in addition to the deuteron. We take advantage of the "capture" of the uv region by binning all results with Λ ≥ 800 MeV/c. They do indeed fall on a universal curve for each nucleus shown, indicating that one can use this universal behavior for an extrapolation which is somewhat independent of A for A > 2. The points can be fit by the function y = a exp(−b/λ sc ) with b ≈ 200 − 400 MeV/c for the s-shell nuclei (see Table III for the values of b for each nucleus). The increase in the value of b indicates a higher rate of convergence in the ir momentum cutoff as the number of particles is increased up to four. However, the higher rate of convergence is offset by the smaller values of λ sc needed for a satisfactory calculation. The lowest value of λ sc available to our calculations is set by λ sc = Λ/(N + 3/2) where Λ = 800 MeV/c, the lowest value which seems to capture the uv physics. If one draws an imaginary horizontal line on Figure 9 , say at the 1% level in ∆E/E, one sees that the loosely bound deuteron (charge rms radius r ch = 2.130 ± 0.010 fm) requires a smaller value of λ sc to capture the ir physics at this level in ∆E/E than needed for the more tightly bound triton (r ch = 1.755 ± 0.087 fm) and even more tightly bound α particle (r ch = 1.680 ± 0.005 fm) [59] .
The smallest values available correspond to the farthest lefthand points of the figure, which are λ sc ∼ 25 MeV/c for the triton calculation (largest N = 30) and λ sc ∼ 41 MeV/c for the α calculation (largest N = 18). These values of the ir cutoff can be lowered (thereby increasing the reliability of the extrapolation) only by increasing N ; a computational challenge which gets harder the larger the number of particles in the nucleus. For example, the largest N achievable with ANTOINE [34] for the nuclei 6 Li and 6 He is 17 (N = N max +1 for these p-shell nuclei). As the value of Λ must be 800 MeV/c or greater for the Idaho N 3 LO N N interaction the smallest value of λ sc is then ∼ 43 MeV/c. For the softer JISP16 N N potential which has a lower minimum Λ JISP 16 ≈ 500 MeV/c the ir extrapolation is easier, as demonstrated by Figure 10 in which the calculated points extend much further to the left (i.e., are much lower in λ sc ) for large A.
Notice that the slopes of the light p-shell nuclei 6 He and 6 Li are intermediate between those of the more massive s-shell nuclei and the slope of the deuteron which has an unnaturally small binding energy on a hadronic scale. It is tempting to try to understand the slopes in Figures 9 and 10 with the aid of the scale of Q; the experimental binding momentum of each nucleus. In a non-relativistic EFT it is the binding momentum Q that determines whether a bound state is within the region of validity of the expansion [60] . The definition of the binding momentum of a two-body bound state is straightforward [61] and is often used in EFT and LQCD studies which need to take into account the unnaturally small size of the deuteron binding energy [42, 62] . Unfortunately, the extension of the definition of Q to more massive nuclei is not straightforward. The analyses in the literature, of which we are aware, provide two alternate forms [63] ;Q = 2m N (E/A) where E/A is the binding energy per nucleon, or Q = √ 2µ where µ is the reduced mass of a single nucleon with respect to the rest of the nucleons in the nucleus and is the binding energy with respect to the first breakup channel. Clearly the two definitions coincide for the deuteron. Both give similar values of the binding momentum scale for the s-shell nuclei, see Table II , but differ significantly for the light p-shell nuclei. With the definition Q, the binding momenta of 6 He and 6 Li, respectively, are comparable to that of the deuteron because the first breakup channel into 4 He+2n and 4 He+d, respectively, is only about 1 MeV above the ground state [64, 65] . In contrast, according to definitionQ, the binding momenta of these A=6 nuclei, which have a tightly bound 4 He core, are closer to the binding momentum of 4 He itself.
The binding momentum definition Q is attractive because it seems to reflect the structure of states with valence nucleons nearly decoupled from a core (or cluster) of more tightly bound nucleons. Such states whose extent is larger than the range of the force are called halo nuclei. The obvious example is the deuteron which may have no core but has both a valence neutron and a valence proton.
6 He fits this characterization as the overlap of the NCSM wave function with the translationally invariant three-body channel 4 He+2n displays vividly the cluster structure of 6 He [21] . The less weakly bound 6 Li has a valence proton and a valence neutron and the overlap of three-body wave functions obtained via Faddeev methods with the 4 He+d cluster is about 60-70% [66] implying that the valence proton and valence neutron are uncorrelated as much as 30-40% of the time in 6 Li. In Table II , we scale each slope by the value of the putative binding momentum of its nucleus, to learn if the rescaled slopes would come to a narrower range suggesting a common universal slope or common rate of convergence. The rescaled slopes in the top line corresponding to the deuteron are nearly the same with respect to the alternate definitions of the binding momentum (identical for the two-body bound state) and with respect to the N N potential, each of which is fit to the experimental binding energy. The deuteron line suggests that there is little difference in the running of the ground state energy of the deuteron with the two N N potentials, both of which are fit to this on-shell datum. The difference in the right hand columns shows up in the rest of the s-shell nuclei. The rescaled slopes are rather similar for a given potential. The pattern of the columns can perhaps be understood by the observation that, although both potentials are fit to the deuteron binding energy, the JISP16 potential has been tuned off-shell to provide good descriptions of 3 H binding, the low-lying spectra of 6 Li and the binding energy of 16 O [29] . The Idaho N 3 LO potential, however, underbinds s-shell nuclei and the light p-shell nuclei [9, 10, 33] and is often supplemented by a N N N potential if one wants to describe nature. Table II suggests that, if replotted, the points of the A=2,3,4 nuclei would lie in a band, the bands differing according to the N N potential. Not so for the nuclei 6 He and 6 Li. If one rescales byQ (based upon binding energy per particle) the rescaled slopes of the A = 6 nuclei remain within the b ≈ 200 − 400 MeV/c range of the data displayed in Figures 9 and 10 . But if one rescales by Q (based upon binding energy with respect to the lowest breakup channel) the rescaled slopes of the A = 6 nuclei are well above that of 4 He and are real outliers. We have no speculation for this behavior, but wonder if it suggests a guide for a more definitive definition of nuclear binding momentum. This definition certainly needs a better theoretical grounding.
There is another way to analyze the running of the variational ground state energies with the cutoff λ sc dis- played in Figures 9 and 10 and quantified in Table III . As discussed in Section III, a finite truncation of the model space confines the system, in effect, within a finite coordinate space volume. This feature has been utilized in later papers [18] [19] [20] to suggest an ir cutoff in coordinate space larger than the range of the potential. This cutoff increases to remove ir artifacts. This model cutoff "L" relies on a length equivalent to the radius of the hard wall of a spherical enclosure. The consistent determination of the actual value of "L" has been refined in the latter papers [19, 20] of this series but the hard wall (Dirichlet boundary condition) interpretation of the ir regulator remains. The numerical value of "L" is found to be quite similar to /λ sc (modulo defining factors of √ 2 and smaller corrections). Extrapolation with this coordinate space cutoff has been studied extensively in the two-body bound state [19, 20] . The conclusions of these studies are: "The derivations ... imply that the energy corrections should have the same exponential form and functional dependence on the radius L at which the wave function is zero, independent of the potential ... " [19] . In Table III we compare for a variety of s-shell and p-shell nuclei our calculations of the running with the ir cutoff λ sc with these expectations of this coordinate space cutoff procedure. The analogue of the slope b of our formulae is a momentum which corresponds to the separation energy S of the least bound valence nucleon (not to be confused with the earlier used binding momentum of the nucleus itself). Given this analogue it is straightforward to transmogrify the ir extrapolation formulae of [18] into the form of our ir extrapolation formula. As in Table II , the running with the ground state energy of the deuteron is the same for both types of ir cutoffs and both N N potentials. Going on to heavier nuclei we see that the running does depend upon the N N potential and that the expected slope of the coordinate space ir cutoff, based upon observables and transmogrified into our form, is often different from the slope b that we find. The expected slopes of the ir regulator of Ref. [18] do seem to track the slopes of the JISP16 N N nuclei which may describe the experimental separation energies better than do the N 3 LO nuclei. The separation energy of the proton from the 4 He core of 6 He is ten times the separation energy of the valence neutron so we left that expectation out of the table. Finally, we address an extrapolation in the uv cutoff toward the top of the shaded oval of Figure 5 to remove uv artifacts with the ir physics expected to be captured by binning or fixing values of λ sc < λ N N sc . To begin this exercise, we return to Figure 4 and restrict our attention to the sector Λ ≤ Λ N N . The universal curve in that sector is generalized to three s-shell nuclei in Figure 11 (enhanced from Figure 9 of Ref. [15] ) where all momenta are scaled by the binding momentum Q of the considered nucleus in order to put them on the same plot.
For such low fixed momenta λ sc , |∆E/E| does go to zero with increasing Λ because λ sc ≤ λ N N sc . The "high" Λ tails of these curves were fit by Gaussians (shifted from the origin) in the variable Λ/Q in Ref. [15] . This behavior suggests another possible extrapolation scheme; fixing the ir physics first and then extrapolating in the uv cutoff. A later paper did advocate such a uv extrapolation with Λ 2 in the exponential function acting as the uv regulator [18] . We have tried to fit our data with the unshifted Gaussian ansatz, E gs (Λ) = A exp (−2 (Λ/Λ SRG )
2 ) + E(Λ = ∞), of that paper and failed, perhaps because our calculations were made with the original Idaho N 3 LO potential rather than the SRG-evolved interaction of Ref. [18] . Because the Gaussians are shifted from the origin, a fit requires instead E gs (Λ/Q) = a exp(−(Λ/Q − b) 2 /2c 2 ) + E(Λ/Q = ∞).
Such extrapolations are shown in Figure 12 where the fit is restricted to the uv range Λ/Q ≤ Λ N N /Q,as already shown in Figure 11 . Unfortunately, the extrapolated energies of Figure 12 do not agree with those obtained from independent calculations. The extrapolated energies are always lower: 2 keV for the deuteron, 300 keV (or 4%) for the triton and 620 keV(or 2.4 %) for the alpha particle. It is difficult to achieve consistent extrapolations with different values of fixed (low) λ sc . For example, if one takes λ sc = 12 MeV/c instead of λ sc = 20 MeV/c, seemingly closer to the ir limit so that even more of the ir physics is captured, the extrapolated triton energy is -10.149 MeV; 2.3 MeV below the accepted value. We did make a modest number of trials of a uv extrapolation of 3 H with an SRG transformed potential. Only with the SRG transformed potentials does the extrapolation procedure illustrated in Figure 12 agree with other independent calculations.
VI. CONCLUSIONS
In conclusion, we have established that an extrapolation in the ir cutoff with the uv cutoff above the intrinsic uv scale of the interaction is quite successful, not only for the eigenstates of the Hamiltonian but also for expectation values of operators considered long range. On the other hand, an extrapolation in the uv cutoff when the ir cutoff is below the intrinsic ir scale is neither robust nor reliable.
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